We study Andreev transport through double quantum dots connected in series normal and superconducting (SC) leads, using the numerical renormalization group. The ground state of this system shows a crossover between a local Cooper-pairing singlet state and a Kondo singlet state, which is caused by the competition between the Coulomb interaction and the SC proximity. We show that the ground-state properties reflect this crossover especially for small values of the inter-dot coupling t, while in the opposite case, for large t, another singlet with an inter-dot character becomes dominant. We find that the conductance for the local SC singlet state has a peak with the unitary-limit value 4e
I. INTRODUCTION

A quantum dot (QD)
1 is a prototype of nanoscale systems, and has offered unprecedented opportunities to uncover correlation effects on quantum transport. In particular, the Kondo effect in a QD system gives rise to remarkable properties in electron transport, 2-6 which has encouraged further studies in this field. With recent experimental advancements, it becomes possible to examine the Kondo physics in a variety of systems, such as an Aharonov-Bohm (AB) ring with a single QD and double quantum dots (DQD).
A QD coupled to superconducting leads is also an intriguing system, which can bring about the competition between superconductivity and the Kondo effect. In fact, such a competition has recently been observed in carbon nanotube and semiconductor QD systems.
7-12
Furthermore the Andreev scattering at a junction of a normal metal (N) and superconducting (SC) leads, is also a fascinating phenomenon. Particularly, in the QD's coupled to the normal and SC leads a short-range Cooper pair penetrates into the QD as a linear combination of the empty and doubly occupied states, so that the SC proximity becomes sensitive to the Coulomb repulsion. The interplay between the Andreev scattering and the Kondo effect takes place in such a situa- tion, and has been studied intensively for a single QD, theoretically [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] and experimentally. 25, 26 We have studied the ground-state properties of a single dot AndreevKondo system, and have confirmed in a previous work 24 that the zero-temperature conductance shows a maximum at a crossover region between the Kondo singlet state and the local Cooper-pairing singlet state. The local Cooper pairing is caused by the SC proximity effect, and consists of a linear combination of the empty and doubly occupied states. We shall refer to this singlet state as the local SC singlet state for short.
The Andreev transport has also been explored further in other nanosystems, e.g., an AB ring with a single QD, 27 a DQD system 28 and molecular wires. 29 Furthermore, the Josephson current in a serial DQD system, where both leads connected to dots are in SC states, has also been investigated in recent years. 30, 31 It is clarified that the inter-dot coupling plays a crucial role on the Josephson effect. In fact, one of the typical features of the DQD systems is that another type of a singlet ground state, which is referred to as an inter-dot singlet hereafter, appears and plays an important role on the low-energy properties. To our knowledge, however, there have been few studies of the Andreev transport through the DQD system so far, while a lot of studies have been done for the normal transport in the DQD system. The underlying Andreev-Kondo physics in the DQD system is still less understood, and is needed to be clarified precisely. Moreover, the DQD system coupled to normal and SC leads can be fabricated, 32, 33 and is studied from the viewpoint of spin entanglement. 34 These developments are also spurring further research of the DQD system coupled to normal and SC leads.
In the present paper, we theoretically study the transport through the DQD coupled in series to normal and SC leads, as shown in Fig. 1 . The SC proximity into the DQD is affected more by the Coulomb interaction U 2 at the QD2, which is located adjacent to the SC lead, than the interaction U 1 at the QD1, sitting away from the SC lead (see Fig. 1 ). Such a spatial variation gives a variety, which cannot be realized in the single dot, into the Andreev-Kondo physics in the DQD system. Particularly, we focus on the crossover between the ground states which can be classified into the local SC singlet, the Kondo singlet and the inter-dot singlet states, and clarify how the crossover affects the transport properties. We first of all demonstrate that in the electron-hole symmetric case this system can be mapped onto the two impurity Anderson model coupled to normal leads. Then, we calculate the conductance due to the Andreev reflection in a wide parameter range of the inter-dot coupling, the Coulomb interaction, and the energy level of the quantized states in the dots, using the numerical renormalization group (NRG) method 35, 36 in the limit of a large SC gap ∆ → ∞. In the case that the Coulomb interaction U 2 at the QD2 is small, the short-range Cooper pair can penetrate into the QD2, and the conductance takes the unitary-limit value 4e
2 /h. In contrast, for large U 2 the SC proximity to the QD2 is suppressed, and the conductance does not reach the unitary-limit value. It reflects a significant change of the SC correlation penetrating into the DQD, which we have deduced from the behavior of the renormalized parameters for the Bogoliubov particles. Furthermore, we find that the conductance has two peaks with the unitary-limit value near the crossover between the Kondo singlet state and the local SC singlet state. The contrast between the two singlet states is pronounced for small inter-dot coupling t. In the opposite limit, for large t, the ground state becomes another singlet with an inter-dot character. We examine also the gate voltage dependence of the conductance, varying the energy level of each dot separately. The crossover between these singlet states takes place as the energy levels are varied, and near the crossover point the conductance shows a peak. It is further found that a different type of Kondo singlet with a long-range singlet bond emerges, as the energy level of the QD1 which is located at the normal-lead side varies. This paper is organized as follows. In the next section, we introduce the model and give a brief outline of the Bogoliubov transformation. Then in Sec. III, we show the numerical results and discuss the Andreev transport, focusing on the interplay among the Kondo effect, the SC correlation and the inter-dot coupling. Moreover, the results for the energy-level dependence of the conductance are presented. A brief summary is given in the last section.
II. MODEL AND FORMULATION
A. Model
The Hamiltonian of a DQD coupled in series to normal (N) and superconducting (SC) leads is given by
where H DQD and H S(N ) represent the DQD part and the SC (normal) lead part, respectively. H T,S(N ) is the mixing term between the QD and the SC (normal) lead. The explicit form of each part reads
Here,
creates an electron with energy ε 1(2) and spin σ at the QD1(QD2). U 1(2) is the Coulomb interaction, and t is the inter-dot coupling, and
denotes the creation operator of an electron with the energy ε S(N ),k in the SC (normal) lead. V S/N is the tunneling matrix element between the QD2/QD1 and the SC/normal lead, and ∆ is an s-wave BCS gap. We assume that Γ S/N (ε) ≡ πV 2 S/N k δ(ε−ε k )/N is a constant independent of the energy ε, where N is the number of the states in each lead.
To be specific, we concentrate on a large SC gap limit ∆ → ∞ in the present paper. In this limit the quasiparticle excitations in the continuum energy region above the SC gap are projected out. Nevertheless, the Andreev reflection takes place inside the SC gap, and the essential physics of the low-energy transport is preserved still in the large gap limit. 37 In this case, the starting Hamiltonian H can be mapped exactly onto a singlechannel model for which the NRG approach works more efficiently, 24, 38, 39 
Here, an additional term H eff S appears instead of the SC lead H S + H T,S . The SC proximity effect becomes static in the large gap limit, and is described by the pair potential in the QD2, ∆ d2 ≡ Γ S . This term breaks the charge conservation of the electrons, and causes the Andreev reflection.
B. Bogoliubov transformation in the ξ1 = 0 case The system described by H eff has a conserved charge in the case that the value of the energy level of the QD1 satisfies the condition ξ 1 = 0. Then the Hamiltonian H eff can be transformed into an asymmetric two-impurity Anderson model for the Bogoliubov particles, the total number of which is conserved. 24, 28, 40 This is due to the rotational symmetry in the Nambu pseudo-spin space, in which ξ i and ∆ d2 can be regarded, respectively, as the z and x components of an external field η which couples to the pseudo spin. 40 Specifically for ξ 1 = 0, the external field becomes finite only in the QD2, and its contribution to the energy is given by η · τ = −∆ d2 τ x + ξ 2 τ z , where τ j for j = x, y, z is the Pauli matrix in the Nambu representation. Thus the system has a uniaxial symmetry along the direction of the local external field η in the pseudo-spin space.
In order to use these symmetry properties, we rewrite the normal lead part of the Hamiltonian, H N and H T,N , in a tight-binding form
Here, f 0σ = k c N,kσ / √ N . Note that no approximation has been made to obtain Eq. (6) , and the hopping matrix element t N,n can be generated from ε N,k via the Householder transformation. 36 The tight-binding form reveals the electron-hole symmetry of H N explicitly. In the case ξ 1 = 0, the Hamiltonian can be simplified by the Bogoliubov transform, taking the direction of the local external field at the QD2 as a new quantization axis in the pseudo-spin space,
The transformation is carried out for the whole cites, n ≥ −2, including the DQD part for which we use a notation f −iσ = d iσ for i = 1, 2. Similarly, the hopping matrix elements t N,n for n < 0 are defined to be
(Color online) Schematic of the energy level profile at the DQD part for the system after the Bogoliubov transformation. The (red) dashed line denotes the Fermi energy of the leads (εF ≡ 0), and the (blue) dotted line indicates E2, which is located at the center between two energy levels, E2 − U2/2 and E2 + U2/2. and t N,−2 ≡ t. Then the effective Hamiltonian H eff can be expressed in the form
Here, n γ,−i = σ γ † −iσ γ −iσ is the number of Bogoliubov particles at the QDi for i = 1, 2. In this representation, the value of E 2 − U 2 /2 corresponds to an energy level for the Bogoliubov particles in the QD2. This correspondence is also illustrated schematically in Fig. 2 . For instance in the atomic limit t N,n → 0, the QD2 tends to be occupied by a single Bogoliubov particle for E 2 − U 2 /2 < 0, while the QD2 tends to be empty for E 2 − U 2 /2 > 0. The equation (11) clearly shows that the total number of Bogoliubov particles Q tot is conserved,
It should also be noted that the Friedel sum rule holds for the number of the Bogoliubov particles in the DQD,
Here, ϕ is the phase shift of the Bogoliubov particles, defined in the appendix A. The phase shift ϕ can be deduced from the low-lying eigenvalues of discretized Hamiltonian of the NRG at the fixed point.
43
Furthermore, one can deduce the following quantities from the value of Q, via the inverse transformation of Eq. (8),
The SC correlation K and the number of the original electrons M in the DQD correspond, respectively, to the average value of the x and z components of the induced pseudo-spin moment.
In the case of ξ 1 = 0, the linear conductance G at zero temperature can also be expressed in terms of the local charge Q, or the phase shift ϕ, of the Bogoliubov particles (see also the appendix A),
C. Conductance for ξ1 = 0
For ξ 1 = 0, however, the uniaxial symmetry in the pseudo-spin space is broken, and the system no longer has a conserved charge such as the total number of the Bogoliubov particles Q tot . We calculate the conductance for these cases, using the Kubo formula,
Here, ε n and |n denote an eigenvalue and the corresponding eigenstate of H eff , |GS is the ground state, and J N is the current which flows from the normal lead to the QD1.
III. NUMERICAL RESULTS
In this section, we provide the NRG results for the ground-state properties of the serial DQD coupled to normal and SC leads. The calculations have been carried out, taking the tunneling matrix elements t N,n for n ≥ 0 and V N in the forms
where D is the half-width of the conduction band. We have kept lowest 1000 states in each NRG step, and have chosen the discretization parameter to be Λ = 3.0.
A. Dependence on the inter-dot coupling t
We first consider the case U 1 = U 2 = U , and choose the values of energy levels to be ξ 1 = ξ 2 = 0. In this case the energy level for the Bogoliubov particles in the QD2 is given by E 2 = ∆ d2 (≡ Γ S ), and the conductance is determined by the local charge Q through Eq. Conductance (4e results of the conductance are shown in Fig. 3 as a function of the inter-dot coupling t for several values of U , for a fixed hybridization strength Γ N = Γ S . For weak interactions U/Γ S ≤ 2.0, the conductance peak reaches the unitary-limit value 4e 2 /h, and the peak position shifts towards the small t side. In contrast, for U/Γ S 2.0, the conductance peak does not reach the unitary-limit value. Note that the onsite level for the Bogoliubov particle in the present case is given by E 2 −U 2 /2 = Γ S −U 2 /2. Thus, for Γ S < U/2, the Kondo effect takes place at the singly occupied QD2, as we will check out further in the next section. We can see that there is a fine structure near U/Γ S = 2.0 for small values of t. Figure 4 is an enlarged picture of the conductance for the small t region, which is marked with the dotted line in Fig. 3(a) . The conductance for U/Γ S = 2.01 has two unitary-limit peaks. These two peaks get close to each other for U/Γ S = 2.02, and the conductance shows a plateau for U/Γ S = 2.04 at 0.16 t/Γ N 0.3. Then, as U increases further, the maximum value of the conductance does not reach the unitary-limit value.
In the present case, ξ 1 = ξ 2 = 0, the SC pair correlation K defined in Eq. (14) and the conductance G in Eq. (16) can be expressed in the simplified forms,
Furthermore, the number of the real electrons takes a value of M = 0 at half-filling. Note that the conductance takes the unitary-limit value 4e 2 /h for K = 1/2, which corresponds to ϕ = 3π/4 and Q = 3/2. In Fig. 3(b) , the NRG results of K are plotted as a function of t/Γ N for several values of U/Γ S . We can see that the behavior of the pair correlation K also changes significantly at the Coulomb interaction of the value of U = 2Γ S . In the large t limit, two Bogoliubov particles occupy a bonding orbital consisting of the QD1 and QD2, so that Q → 2.0 and K → 0.0 at t/Γ N ≫ 1.0. For weak interaction U ≤ 2Γ S , K increases monotonically as t decreases, and approaches the value of K = 1.0, which corresponds to Q = 1.0, in the limit of t → 0. In contrast, for large interactions U > 2Γ S , K shows a peak at an intermediate value of t, and then tends to K = 0.0 as t decreases. The conductance has two peaks in the case that the maximum value of K becomes K > 1/2. The behavior at U < 2Γ S is determined by the Andreev scattering due to the finite SC pair potential ∆ d2 = Γ S , while for large U > 2Γ S the behavior is determined by the Kondo effect.
It seems to be meaningful to compare these results with the normal transport through the serial DQD coupled to two normal leads (N-DQD-N), [45] [46] [47] [48] [49] [50] [51] [52] [53] particularly with the NRG results by Izumida et al. 48 In the normal case, the conductance peak shifts towards the small t side as the Coulomb interaction U increases, and this behavior is similar to the one we observed for the Andreev transport in Fig. 3(a) . However, in the N-DQD-N case, the peak height of the conductance reaches the unitary-limit value 2e
2 /h even in the large U region. Therefore, the suppression of the conductance for large U and the twopeak structure observed for small t, as mentioned in the above, are typical of the Andreev transport.
B. Effects of the Coulomb interaction in each dot
In order to study the difference between the Andreev behavior at U < 2Γ S and the Kondo behavior at U > 2Γ S , we next consider the case that the Coulomb interaction is switched on only in one of the two dots. In this situation, the role of the correlation in each dot can be seen separately. In Fig. 5 the conductance for (a) U 1 = 0 and (b) U 2 = 0 is plotted as a function of t/Γ N for several values of (a) U 2 and (b) U 1 , respectively. We can see in Fig. 5(a) that the conductance peak shifts towards the small t region as U 2 increases from 0 to 2Γ S . Then, for U 2 2.0Γ S the conductance decreases, and the peak height becomes smaller than the unitary-limit value 4e 2 /h. These features are similar to those we saw in Fig. 3(a) for U 1 = U 2 . In contrast we can see in Fig. 5(b) that the peak position shifts towards the large t region as U 1 increases keeping the peak height 4e 2 /h unchanged. Since U 2 = 0 in this case, the SC correlation can penetrate into the QD2 without being disturbed by the Coulomb interaction. Therefore, the QD2 can be regarded effectively as a part of the SC host. The inter-dot coupling t transmits the SC proximity from the QD2 to the QD1. For this reason, even in the presence of the Coulomb interaction U 1 , the conductance can take a maximum with the unitary-limit value 4e 2 /h. It explains the reason why the conductance peak shifts towards the larger value of t as U 1 increases. We see also in Fig. 5(b) that there are no pronounced qualitative changes in the feature of the Andreev transport for large values of U 1 . It implies that the effects of U 1 is mainly to renormalize the inter-dot hopping matrix element t. In contrast, the Coulomb interaction U 2 in the dot connected to the SC lead causes the qualitative changes, particularly near the crossover region between the Andreev behavior and Kondo behavior, as seen in Fig. 5(a) .
We next study the precise feature of the crossover, choosing the Coulomb interaction at the QD1 to be U 1 = 0 and ξ 1 = 0, for simplicity. In this case, the correlation effect of U 2 on the low-energy properties can be described by a local Fermi liquid theory for a single impurity, and the fixed-point Hamiltonian for free quasi-particles can be expressed in the form,
Here, t and ∆ d2 are the renormalized inter-dot coupling and the onsite SC potential in the QD2, respectively. The definitions of these renormalized parameters are provided in the appendix B. Note that in a special case, for ξ 2 = 0, the renormalized level position becomes ξ 2 = 0, and then the conductance is determined by the ratio of t and Γ S (≡ ∆ d2 ),
The value of these renormalized parameters can be deduced from the fixed point of NRG. 43 Particularly for ξ 1 = ξ 2 = 0, the ratio of the renormalized parameters appearing in Eq. (23) links to the phase shift of Bogoliubov particles such that t 2 /(Γ N Γ S ) = − cot ϕ. Figure 6 shows the NRG results of t, Γ S , and the ratio t 2 /(Γ N Γ S ) as functions of t/Γ N for several values of U 2 /Γ S . The parameter ( t/t) 2 shown in Fig. 6 (a) corresponds to the wave function renormalization factor Z, which gives a measure of the correlation effect due to U 2 (see also the appendix B). For weak interactions U 2 /Γ S 1.5 the renormalization factor is almost constant ( t/t) 2 ≃ 1.0, and shows only a weak t/Γ N dependence. It means that the energy scale of the resonance width is unrenormalized. We have confirmed that these features are unchanged qualitatively in the parameter region of U 2 /Γ S 2.0. The behavior changes significantly for U 2 /Γ S 2.0. In this large U 2 region, ( t/t) 2 decreases with t/Γ N , and goes to zero for t/Γ N ≪ 1. This indicates that the system approaches a strongly correlated regime. In the opposite limit t/Γ N ≫ 1 the renormalization factor gets close to ( t/t) 2 → 1, and for large t the ground state can be characterized by an inter-dot singlet state.
The renormalized SC pair potential Γ S (≡ ∆ d2 ) is plotted in Fig. 6(b) . We see that Γ S decreases as the Coulomb interaction U 2 increases. Furthermore in the limit of t → 0, Γ S vanishes for strong interactions U 2 /Γ S 2.0, while it reaches a finite value for weak interactions U 2 /Γ S 2.0. Reflecting the behavior of t and Γ S , the ratio t 2 /(Γ N Γ S ), which determines the conductance via Eq. (23), also shows a clear difference between the strong and weak interaction regions. We see in Fig. 6 (c) that for U 2 /Γ S < 2.0 the ratio t 2 /(Γ N Γ S ) decreases monotonically as t/Γ N decreases from 1.5 to 0. In contrast, t 2 /(Γ N Γ S ) takes a minimum for U 2 /Γ S > 2.0 at an intermediate value of t/Γ N , and then it increases as t decreases further. 
, as a function of t for U1 = 0, ξ1 = ξ2 = 0 and ΓN = ΓS.
The difference between the weak and strong interaction regions can be seen also in the expectation values of the pair correlation at the QD2 defined by
where Q 2 ≡ n γ,−2 is the number of the Bogoliubov particles in the QD2. Note that in the present case the Friedel sum rule described in Eq. (13) does not give the local charge of a single site, so that we have calculated Q 2 directly from the above definition. Figure 7 shows the results. In the weak interaction region U 2 < 2Γ S , the pair correlation κ d,2 in the QD2 increases as t gets smaller, and takes a value κ d,2 = 1 for t → 0, which corresponds to the occupation number of the Bogoliubov particle Q 2 = 0. In contrast, in the strong interaction region U 2 > 2Γ S , κ d,2 has a maximum at finite t, and then it decreases to reach κ d,2 = 0 for t → 0, which corresponds to the occupation number Q 2 = 1. The significant changes taking place at U 2 /Γ S = 2.0 can be explained as a result of the crossover in the ground state. In order to figure this crossover out, we consider an atomic limit t → 0, where the QD2 is connected only to the SC lead. In this limit the eigenstates of the H eff defined in Eq. (3) can be obtained simply by diagonalizing a single site Hamiltonian of the QD2 with the onsite SC pair potential ∆ d2 = Γ S and the Coulomb interaction U 2 . Then, the ground state becomes a SC spin-singlet state for U 2 < 2Γ S , and a magnetic doublet state for U 2 > 2Γ S . For small inter-dot coupling t, the essential features seen in the atomic limit still remain especially for the local SC singlet state for U 2 < 2Γ S . In the doublet region of U 2 > 2Γ S , however, the conduction electrons, which come from the normal lead through the QD1, screen the local moment emerging in the QD2 to form a Kondo singlet state. The level crossing which takes place at U 2 = 2Γ S in the atomic limit becomes the crossover for finite inter-dot coupling.
These two singlet states correspond also to two different fixed points of NRG. The Hamiltonian H eff given in Eq. (11) describes the interacting Bogoliubov particles, as mentioned. In the present case for ξ 1 = ξ 2 = 0, the energy level takes the value of E 2 = Γ S . Therefore, the number of the Bogoliubov particles Q 2 in the QD2 depends crucially on Γ S and U 2 . The occupation number approaches the value of Q 2 = 0 for small t in the weak interaction region U 2 /2 < E 2 , and thus the QD2 becomes almost empty. This situation corresponds exactly to the frozen impurity fixed point, which is one of the basic fixed points for the asymmetric Anderson model. 35 Note that the frozen impurity fixed point for the Bogoliubov particles corresponds to the local SC singlet state for the original electrons, as κ d,2 = 1 for Q 2 = 0. On the other hand, in the strong interaction region of U 2 /2 > E 2 , the occupation number of the Bogoliubov particles approaches the value of Q 2 = 1 for small t → 0. This situation corresponds to usual Kondo regime, which is referred to as the strong coupling fixed point.
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From the above perspective, we can consider further the behavior of the conductance seen in Figs. 3(a) , 4 and 5(a). In the weak interaction region U 2 < 2Γ S , the Andreev reflection contributes to the tunneling current. This is because the renormalized SC pair potential Γ S (≡ ∆ d2 ) remains finite in this region, although the Coulomb interaction U 2 suppresses the SC proximity. The conductance takes the unitary-limit value 4e 2 /h on the resonance, which for ξ 1 = ξ 2 = 0 takes place in the case that the ratio t 2 /(Γ N Γ S ) becomes equal to 1. The resonance condition can be satisfied in the weak interaction region since Γ S and t are finite. The situation is quite different in the strong interaction region U 2 > 2Γ S , where the ground state is a Kondo singlet. For small inter-dot coupling t, the renormalized SC pair potential Γ S is suppressed by the Coulomb interaction U 2 , and tends to zero for large U 2 . The renormalization factor Z (= t 2 /t 2 ) also approaches zero in the strong-coupling limit. Furthermore, the ratio t 2 /(Γ N Γ S ) has a local minimum in the strong coupling case as shown in Fig. 6(c) . In a narrow parameter region near the crossover point, the conductance has the two successive peaks (see the conductance for U 2 = 2.01Γ S in Fig. 5(a) ). This is caused by the fact that the value of the ratio t 2 /(Γ N Γ S ) at the local minimum becomes less than 1. In the case of Fig. 5(a) , we have confirmed that the two-peak structure is seen in the region 2Γ S < U 2 < U * 2 with U * 2 ≃ 2.05Γ S . For U 2 > U * 2 , the conductance does not reach the unitary-limit value, as the minimum value of the ratio becomes greater than 1.
C. gate-voltage dependence
We have seen in the above that the behavior of the conductance depends strongly on which interaction, U 1 or U 2 , is changed. In this subsection, we discuss the effects of gate voltage on the Andreev transport. Particularly, we examine the role of the energy levels ε 1 in the QD1 and ε 2 in the QD2 separately, choosing the interactions the same U 1 = U 2 .
1. ε2 dependence Figure 8 shows the ε 2 dependence of the conductance for several values of t/Γ S . These results are obtained from Eq. QD1 and the other parameters such that ε 1 = −U 1 /2, U 1 = U 2 = 4Γ S and Γ N = Γ S . We see that the conductance has two peaks, which are broadened as the inter-dot coupling t increases. These two peaks reflect the level crossing which takes place at E 2 = U 2 /2 in the weak coupling limit t → 0. Here, E 2 ≡ (ε 2 + U 2 /2) 2 + ∆ 2 d2 with ∆ d2 ≡ Γ S is the energy level of the Bogoliubov particles defined in Eq. (10). The two arrows in Fig. 8 correspond to the critical points, and the ground state is a magnetic doublet in the region between the arrows −0.93 ε 2 /U 2 −0.07, while the ground state becomes a singlet on the outside.
For finite inter-dot coupling t, the conduction electrons from the normal lead contribute to the screening of the local moment in the magnetic doublet state, and the ground state for −0.93 ε 2 /U 2 −0.07 becomes a Kondo singlet state.
24 Therefore, the conductance peaks seen in Fig. 8 are caused essentially by the crossover between the Kondo singlet state and the local SC singlet state, particularly for small t. As t increases, the ground state varies gradually to an inter-dot singlet between the QD1 and QD2.
ε1 dependence
We next consider the ε 1 dependence of the conductance. To this end, we have to carry out the NRG calculations in the situation ε 1 + U 1 /2 = 0 in the QD1 and ∆ d2 = 0 in the QD2. In this case, the system no longer has the uniaxial pseudo-spin symmetry mentioned in Sec. II B, and the number of Bogoliubov particles Q tot is not conserved. For this reason, we have calculated the conductance using the Kubo formula given in Eq. (17) . Figure 9 shows the conductance at zero temperature as a function of ε 1 for several values of t/Γ S , choosing the Coulomb interactions to be U 1 = U 2 = 4Γ S and ε 2 = −U 2 /2. For weak inter-dot coupling of the value of t/Γ S = 0.5, the ground state can be characterized by the Kondo singlet at −1.0 ε 1 /U 1 0.0, and the conductance is suppressed by the Coulomb interaction. In contrast, for the strong coupling cases t/Γ S 1.0, the ground state near ε 1 /U 1 ≃ −0.5 corresponds the interdot singlet as seen in Fig. 3 . In this case, the conductance shows two peaks, and the peaks move away from the symmetric point at ε 1 /U 1 = −0.5 as t increases. In order to clarify these features, we have diagonalized a two-site Hamiltonian H eff S + H DQD consisting of the QD1 and QD2. The ground-state phase diagram of this cluster is plotted in Fig. 10 in a ε 1 /U 1 vs t/Γ S plane. The ground state is a spin-singlet in the central region between the two lines of the phase boundary, and is a spin-doublet state on the outside. Comparing this figure with Fig. 9 , we see that the positions of the conductance peaks agree well with the phase boundary between the singlet and doublet ground states of the isolated DQD.
We now consider the screening of the local moment emerging at the QD2 in the doublet regions seen in Fig. 10 . In these regions the energy level of the QD1 is away from the Fermi level, and thus the QD1 is almost empty or doubly occupied. Therefore, the spin degree of freedom is frozen in the QD1, and it does not contribute to the screening. Nevertheless, the charge fluctuation still survives in the QD1, so that the conduction electrons from the normal lead can tunnel into the QD2 via the QD1 to screen the local moment. This kind of the virtual process induces an antiferromagnetic exchange coupling between the moment in the normal lead and QD2. This screening process is analogous also to a super-exchange mechanism, in which the conduction electrons come over a potential barrier. Therefore, the singlet bond which contributes to the Kondo screening becomes long in this case. This state has a deformed Kondo cloud, and is different from the singlet state that we discussed in Sec. III A and III B because near half-filling the spin degree of freedom at the QD1 contributes to the screening. From these observations, it can be concluded that the conductance peaks in Fig. 9 correspond to the crossover between the inter-dot singlet and the long-range Kondo singlet.
IV. SUMMARY
We have studied the Andreev transport through a DQD coupled in series to normal and SC leads, using the NRG method. We have demonstrated that in the case that the energy level of the QD adjacent to the normal lead is on the electron-hole symmetric point, namely for ξ 1 = 0, the system can be mapped onto a two-impurity Anderson model for the interacting Bogoliubov particles. In this case, the conductance at zero temperature is determined by the phase shift of the Bogoliubov particles.
In order to clarify the ground-state properties, we have obtained the local SC correlation at the dots and the renormalized parameters for the low-energy quasiparticles. We have shown that the low-energy properties for a small t region are described by two distinct fixed points for the Bogoliubov particles. The local SC singlet state for small interaction U < 2Γ S is described by the frozen-impurity fixed point, and the Kondo singlet state for U > 2Γ S is characterized by the strong-coupling fixed point. Moreover, for large t, the two dots prefer to form the inter-dot singlet state.
The conductance in the local SC singlet region for U < 2Γ S takes the unitary-limit value 4e
2 /h of the Andreev transport. In the Kondo region, we have found that there is a narrow region near the crossover point U = 2Γ S , in which the two-peak structure in the t-dependence of the conductance appears. Outside this narrow region, the conductance peak in the Kondo regime gets smaller with increasing U . We have also found that for large t, the two dots form the inter-dot singlet, and it causes a low conductance in this regime.
We have also calculated the gate-voltage dependence of the conductance, by varying the energy level in each dot separately. The conductance is enhanced at the transient region, where the crossover between two different types of the singlet states takes place. In particular, the energy level ε 1 of the QD1 causes the deformation of the Kondo screening cloud and makes the singlet bond long. Correspondingly, the conductance has the peaks which signify the crossover to this long-range Kondo screening.
The results we have obtained in the present work are for the large gap limit ∆ → ∞. Therefore, the virtual processes using the continuum states outside of the SC gap ∆ have not been taken into account. There are, generally, some quantitative corrections for finite ∆. Nevertheless, since the perturbation expansion with respect to 1/∆ is applicable to the ground state properties, the results obtained in the large gap limit can be regarded as the zero-th order contributions. In fact, in a single QD coupled to a superconductor which corresponds to the limit t → 0 of the present system, the corrections due to finite ∆ vary the ground-state phase diagram quantitatively. Namely, the phase boundary of the singlet-doublet transition deviates from the one for the large gap limit ∆ → ∞, and the spin-singlet region becomes wide for finite ∆. 39, 55, 56 A similar correction to the crossover energy scale will also arise in our system. Recently, a DQD system coupled to superconductors has been fabricated using the carbon nanotube 12 . The realization of such a system will provide further interesting examples of correlation effects in the context of the Andreev transport in nanoscale systems. We hope that the situation we have discussed in this paper will be examined experimentally in the near future. 
Using the Friedel sum rule for the Hamiltonian (11), 41 the local charge at the DQD for the Bogoliubov particles Q is given by Q ≡ n γ,−2 + n γ,−1 = 2 ϕ π ,
where ϕ is the phase shift of the Bogoliubov particles defined as
The local charge Q for the Bogoliubov particles is proportional to the pair correlation K and also to the local charge M for the electrons, as mentioned in Sec. II B.
Similarly, the conductance G in the case of ξ 1 = 0 can be expressed in terms of the phase shift ϕ. Using the Landauer formula, the linear conductance at zero temperature can be expressed in the form 
Here, G r γ−1,γ−1 (ε) is the Green's function of the Bogoliubov particles at the QD1 defined in Eq. (A1) as the (1,1) element of G r DQD (ε), and the value at ε = 0 is given in Eq. (A3). Using this value with Eqs. (9) and (A8), the formula given in (A7) can be expressed in terms of the phase shift,
